We have studied the applications of the anomaly sum rule to the transition form factors of light pseudoscalar mesons: π 0 , η and η . This nonperturbative QCD approach can be used even if the QCD factorization is broken. The possibility of small non-OPE corrections to the spectral density in view of the recent BaBar and Belle data is explored. The accuracy of the applied method and the role of the quark mass contributions are discussed.
Introduction
The recent progress in experimental study of the transition form factors (TFFs) of pseudoscalar mesons F Pγ (P=π 0 , η, η ) [1, 2, 3] have drawn a significant attention as it challenged our theoretical understanding of the processes γγ * → P at high spacelike momentum transfer Q. The measurements of the pion TFF were performed by BaBar [1] and Belle [2] collaborations up to Q 2 = 35 GeV 2 and appear to be quite inconsistent. To top it all, the BaBar measurements at Q 2 > 10 GeV 2 reveal a certain excess of the pion TFF over the theoretically predicted (from pQCD) asymptote [4] and cannot be satisfactory explained within the QCD factorization approach [5, 6] .
In this work we demonstrate the applications of the axial anomaly in its dispersive representation to the pion [7, 8] as well as to the η and η [8, 9, 10] meson TFFs without relying on the QCD factorization. We pay also a special attention to the quark mass effects in the explored relations for the TFFs.
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Anomaly sum rule and hadron contributions
The axial anomaly [11] plays an important role not only in the case of real photons (where, e.g., it is known to govern the neutral pion decay π 0 → γγ) but also in the case of virtual photons. The dispersive approach to axial anomaly [12] leads to the anomaly sum rule (ASR) [13, 14] , which can be related to π 0 , η and η TFFs and gives a tool to explore the TFFs even beyond the QCD factorization [7, 8, 9, 10, 15] .
Let us briefly remind the derivation of the ASR. The VVA triangle graph amplitude contains an axial current and two vector currents
where k and q are the photons' momenta. This amplitude can be presented as a tensor decomposition
where The ASR can be obtained from consideration of the unsubtracted dispersion relations which result in the finite subtraction for axial current divergence. In the case of isovector J
(ūγ α γ 5 u +dγ α γ 5 d − 2sγ α γ 5 s) currents for the kinematical configuration we are interested in (
where
and
are charge factors, and m i are quark masses. These ASR relations hold for any Q 2 and any quark masses m i . They are also "exact" relations: α s corrections are zero and it is expected that all nonperturbative corrections are absent as well (due to 't Hooft's principle [16, 14] ).
Saturating the lhs of the three-point correlation function (1) with the resonances and singling out their contributions to the ASR (3), we get a sum of resonances M with appropriate quantum numbers
where the decay constants f a M and TFFs F Mγ are defined as follows,
3. Isovector channel of ASR and π 0 TFF
Singling out the first (pion) contribution in (4) and introducing the continuum threshold in the isovector channel s 3 , the ASR (3) leads to
For a given flavor q, the one-loop approximation for the spectral density is
where R (q) = 1 − 4m 2 q /s, e q are quark charges in the units of the absolute value of electron charge.
Then, as A
where R 3 = 1 − 4m 2 /s 3 . This equation is obtained without QCD factorization hypothesis and is valid at any Q 2 , including Q 2 = 0. At the same time, supposing that QCD factorization is valid at Q 2 → ∞ and employing the pQCD predicted asymptotic value for the pion TFF [ 
MeV the continuum threshold s 3 can be determined from (9),
Then, if we put m = 0, Eq. (9) reproduces a well-known Brodsky-Lepage interpolation formula [17] (it was also proved in a different approach in [18] ). Numerically, s 3 = 0.67 GeV 2 appears to be rather close to the continuum threshold extracted from the two-point QCD sum rules.
The obtained expression for the pion TFF (9) has no α s corrections [19] ; the higher α s correction are not excluded, but they, as well as the possible higher power OPE corrections (e.g., quark and gluon condensates) should be numerically small. The u-and d-quark mass contributions in (9) appear to be numerically negligible (∼ 0.15% of the main term). The quark mass corrections, however, are not so small in the octet channel, where s-quark contributes. We will discuss this issue in the next section.
Let us note, that the continuum contribution vanishes in the case the chiral limit and Q 2 = 0,
This conforms with the fact, that the contributions of the pseudovector and higher pseudoscalar (except π 0 ) mesons (in Eq. (7)) vanish in this case: the first ones do not give contributions as they do not decay into 2γ, while the second ones' contributions vanish as their decay constants (4) vanish due to conservation of the axial current in the chiral limit (up to electromagnetic corrections), f
The TFF (9) matches well the experimental data of CELLO [20] , CLEO [21] and Belle [2] collaborations, while the data of BaBar Collaboration [1] are described much worse (see the dashed curve in Fig.1) .
If the BaBar data are correct, they strongly indicate the existence of the corrections of dimension 2 (which is absent in the local OPE) to the pion TFF. Indeed, while the full integral in the ASR has no corrections, the spectral density A correction also (still, they should exactly compensate each other). As we mentioned above, α s corrections to A
3 (s, Q 2 ) (dimension 0) are zero; higher α s corrections are small enough to describe such a sturdy growth demonstrated by the BaBar data; the 4th-and higherdimensional corrections decrease rapidly in Q 2 and are also insufficient to support the BaBar data trend. The form of this correction is not known (the origins of such a correction are essentially nonperturbative). Nevertheless, we can propose [8] the form of it, relying on the general properties of the ASR. Namely, the correction should vanish at s 3 → ∞ (the continuum contribution vanishes), at s 3 → 0 (the full integral has no corrections), at Q 2 → ∞ (the perturbative theory works at large Q 2 ) and at Q 2 → 0 (anomaly perfectly describes pion decay width). If the correction contains rational functions and logarithms of Q 2 , the simplest form of such a correction results in a pion TFF
where λ and σ are dimensionless parameters. Fitting the Eq. (10) 
Octet channel of ASR, η, η TFFs and quark mass effect
In the octet channel of the ASR (3), (4) the lowest hadron contributions are given by the η and η mesons. The η meson should be taken into account explicitly along with the η meson, at least in the chiral limit approximation, as it gives a significant contribution to the octet channel of ASR due to the mixing, but cannot be covered by the massless one-loop form of A (8) 3 in the limit Q 2 → 0. Let us consider the "η + η + continuum" model similarly to the "π 0 + continuum" model in the isovector channel. Introducing the continuum threshold in the octet channel s 8 , using the one-loop expression for the spectral density A
3 ), neglecting the u-and d-quark masses but taking into account s-quark mass m s , one obtains from (3), (4), (8):
where R (s)
The mass term (with the opposite sign) in this equation corresponds to the higher pseudoscalar contributions in the limit Q 2 = 0, so their total contribution in this limit is negative.
The large-Q 2 limit of (11) and the pQCD predicted expression for the η, η TFFs gives s 8 :
Eqs. (11) and (12) directly relate the η, η TFFs with their decay constants at arbitrary Q 2 , including Q 2 = 0, where the TFFs are expressed in terms of 2γ decay widths.
The massless approximation of (11) (m s = 0) was analyzed in [8, 9] . It was shown [9] , that this approximation fits well the BaBar data [3] with different sets of decay constants and provides an anomaly-based test for the mixing parameters. Also, it allowed to extract the decay constants in the different mixing schemes, as well as mixing scheme independently, using the experimental data [8] (another recent determination of the η-η mixing parameters from the data on TFFs can be found in [22] ). We have also analyzed [8, 10] a possibility of the dimension 2 log-like correction, similar to the pion case (10) . It appeared, that this kind of correction is not excluded by the current experimental data, but there is no a strong need for such a correction as well (unlike the isovector (pion) case). 
Figure 2: ASR in the octet channel (Eqs. (11), (13)) compared with experimental data: Solid black line -m s = 0 limit of (11); dashed red line -Eq. (11); dot-dashed blue line -Eq. (13) (see the text for details).
Now, taking into account both mass (the second term in square brackets) and possible dimension 2 (the third term in square brackets) corrections, the ASR in the octet channel leads to
Note, that the quark mass term (the second one in the rhs of (13)) cannot provide a pion-like log Q 2 growth, and the source of such behavior should be the different (the third term in the rhs of (13)) correction to the spectral density .
In Fig.2 we compare the different limits of Eqs. (11), (13) with the experimental data [3, 21] . The decay constants ( f • , are taken from [23] . Remarkably, although the BaBar data [3] do not manifest a strong growing trend for the η and η meson TFFs multiplied by Q 2 (they rather exhibit different trends at large Q 2 ), but the octet channel combination of the TFFs (i.e. the lhs of (13)) multiplied by Q 2 , does show a slight growing trend caused by the opposite signs of f , and supposed to be frozen at Q 2 < 1 GeV 2 ) cases of Eq. (11) are denoted by a solid and dashed curves respectively in Fig.2 . One can see, that although the mass contribution is not negligible (∼ 10% of the main term), both curves fit the data decently within the experimental errors (which are quite large). We can conclude, that the massless approximation is quite reasonable. Finally, taking into account the possible contribution of the dimension 2 correction, consider the Eq. (13) . Employing the parameters extracted earlier from the isovector channel, λ = 0.12, σ = −2.50, one gets the blue dot-dashed curve in Fig.2 .
Our previous conclusion about this kind of correction remains valid in the "massive" case also: the octet channel of the ASR can accommodate the dimension 2 correction, although there is no such a strong demand for it as in the isovector channel.
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